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Abstract: The present investigation is concerned with the two dimensional
deformation in a homogeneous, transversely isotropic thermoelastic solids
without energy dissipation and with two temperature as a result of an inclined
load. The inclined load is assumed to be linear combination of normal load and
tangential load. Laplace and Fourier transforms are used to solve the problem.
The components of displacements, stresses and conductive temperature
distribution so obtained in the physical domain are computed numerically. Effect
of two temperature are depicted graphically on the resulting quantites.
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I.INTRODUCTION

Thermoelasticity is the study of interaction
between deformation and thermal fields. It deals with
dynamical system whose interaction with surroundings
is limited to mechanical work, external forces and heat
exchange. It also comprises the heat conduction, stress
and strain that arise due to flow of heat. Also, the change
of body temperature is caused not only by external and
internal heat sources but by a process of deformation
itself. For this reason, thermoelasticity is to be regarded
as a multi-field discipline, governed by the interaction
of a temperature deformation field. It makes possible to
determine the stresses produced by the temperature field
and to calculate the temperature distribution due to an
action of time dependent forces and heat sources.

Green and Naghdi [5] and [6] postulated a new
concept in generalized thermoelasticity and proposed
three models which are subsequently referred to as GN-
I, II, and III models. The linearised version of model-I
corresponds to classical Thermoelastic model. In model
-II, the internal rate of production entropy is taken to
be identically zero implying no dissipation of thermal

energy . This model admits un-damped thermoelastic
waves in a thermoelastic material and is best known as
theory of thermoelasticity without energy dissipation.
The principal feature of this theory is in contrast to
classical thermoelasticity associated with Fourier’s law
of heat conduction, the heat flow does not involve energy
dissipation. This theory permits the transmission of heat
as thermal waves at finite speed. Model-III includes the
previous two models as special cases and admits
dissipation of energy in general. In context of Green
and Naghdi model many applications have been found.
Chandrasekharaiah and Srinath [1] discussed the
thermoelastic waves without energy dissipation in an
unbounded body with a spherical cavity. Kumar and
Deswal [8] studied the surface wave propagation in a
micropolar thermoelastic medium without energy
dissipation.

Youssef [16] constructed a new theory of
generalized thermoelasticity by taking into account two-
temperature generalized thermoelasticity theory for a
homogeneous and isotropic body without energy
dissipation. Chen and Gurtin [2], Chen et al.[3] and [4]
have formulated a theory of heat conduction in
deformable bodies which depends upon two distinct
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temperatures, the conductive temperature ¢ and the
thermo dynamical temperature T. For time independent
situations, the difference between these two
temperatures is proportional to the heat supply, and in
absence of heat supply, the two temperatures are
identical. For time dependent problems, the two
temperatures are different, regardless of the presence
of heat supply. The two temperatures T, ¢ and the strain
are found to have representations in the form of a
travelling wave plus a response, which occurs
instantaneously throughout the body. Warren and Chen
[12] investigated the wave propagation in the two
temperature theory of thermoelasticity. Quintanilla [11]
proved some theorems in thermoelasticity with two
temperatures. Youssef Al-Lehaibi [14] and Youssef Al -
Harby [15] investigated various problems on the basis
of two temperature thermoelasticity. Kaushal, Kumar
and Miglani [7] discussed response of frequency domain
in generalized thermoelasticity with two temperatures.
Sharma and Kumar [9-10] discussed elastodynamic
response and interactions of generalised thermoelastic
diffusion due to inclined load.

In this paper, a general solution has been obtained
in the transformed form using the Laplace and Fourier
transforms to the field equations of a transversely
isotropic thermoelastic without energy dissipation and
with two temperature due to various sources.
Concentrated source have been taken to illustrate the
utility of the approach as an application. Numerical
inversion technique is applied to invert numerically the
transformed solutions. The results in the form of
displacement components, conductive temperature and
stress components have been obtained numerically and
illustrated graphically for particular model.

I1. BASIC EQUATIONS

Following H.M.Youssef [16] the constitutive
relations and field equations are:

t;=Cyca—By T (1)

Cija € — BT, + pF; = pii, (2)

Ky 0, = By; T &, +pCyT (3)
Where

T=0- 050, Bij = Cija

Cij = Uij + Yii L,j=123
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Here

Cini (Cijra = Cyyij = Gy = Gy are elastic
parameters, Bij i1s the thermal tensor, T is the
temperature, T 1s the reference temperature, t;; are the
components of stress tensor, e, are the components of
strain tensor, u, are the displacement components, p is
the density, C is the specific heat, Kij is the thermal
conductivity, oy are the two temperature parameters,
o is the coefficient of linear thermal expansion.

Applying the transformation

x| = x,c080 + X, sin@, x’, = -x, sin@ + x, cos6,

x’y = x; where 0 is the angle of rotation in

X, - X, plane (4)
The basic equations reduce to

Crliar + Cplagr + Cpalissy F C66( Upg + u2,12) +

Cuy (u1,33 + u3,13)_ B, % [(p ( A @t 20, +
a3d,3; H +pF, = pi; 1 (5)

Cip Uppp T Uygy T Ceely i T Cyullyns + (°13 + C44) U3 3

- B, 6_; [ Q-2 + a0+ a3(p’33)] + pF, = pii,
(6)

(C13 + c44)( Uiz T g3 ) + Cyy (u3,11 t U3 )"' 334333

_ |3_5[ Q[ al.g,, +2a, 0, + ;05 )} pE, = pii,

6X3
(7)
K@, + k0,0, + k0 45 =T, (Bléll + B85, + B3é33)
+pCy [(P - (al @+ 350000230.53 )] (8)

In the above equations we use the contracting
subscript notations (1 — 11,2 — 22,3 — 33,5 — 234
— 13,6 — 12) to relate Ciikl toc, .

III. PROBLEM FORMULATION

We consider a homogeneous, transversely isotropic
thermoelastic solid half-space with two temperatures.
We take rectangular Cartesian co-ordinate system (Xp
X,, X5) having origin on the surface x; =0 with x; axis
pointing vertically downwards into the half-space.
Suppose an inclined load F,per unit length is acting on

the x, axis and its inclination with x; axis is 0.



!

X3

Fig.1: Inclined load over a thermoelastic solid

We restrict our analysis in two dimensions subject
to plane parallel to x, - X, plane. The displacement vector
for two dimensional problems is taken as :

u=(u,0,u,) )

The basic governing equations (2) and (3) using
(9) and in absence of body forces are given as:

Cpqly gy + Cpaly gy + Cyy (U 553 + U55) — B1 P

)
(0 - (@,0., +2,0,3,)) = pil, 10
(i3 + Cyp) Uy 13+ Cyuliy ) + Cygliz 33 — By = —
{(P - (ap(P,n + 33@’33)} = pﬁ3 (11)

K@) + k30,55 =Ty (B&), + Bssy) + pCp {6 — (a9, +
20,43} (12)
where B, = ¢ 0, + c;,0, By =cy0 + Cy30

To facilitate the solution, following dimensionless
quantities are introduced:

2 2
’ X ’ X ’ pC ’ pC
X1__1”‘3=_3"11= ! U, Uy = ! 3
L L LB,T, LB,T,
T ¢, t t
T’: —’t’z _t’t’ 11 ,t’ = 33 S
TO L 11 BITO 33 BITO
, by ,_ @, a4 4
t',,= , —,a, = —,a,=— 13
0BT, ¢ T, "1 L AT (13)
c,
Where C2 — and L is a constant of dimension of
length.
Using the dimensionless quantities defined by (13)
into (10) - (12) and after that suppressing the primes
we obtain.

8u, 8, 8u & 52
8X% + 61 Sx 2 + 62 ox 6 1- a, SX% +a3—SX§
o) d%u,
T (14
d%u 5% &% 2 ’
) > 48 45 . -ps|1-|a 8 +a, -9
64 ng 621 SX% 2 8x,0x, 3 18x12 3 ng)
o _ oy (15)
Ox, ot?
5 o . 8 du, , & ou
o2 TP sl ey, ol by,
5 5 |1 8%
G l1-(a +a =r (16)
3 K sxg) 52
where
Cyq Ci3 TCyy C33 Bs
N T T T g TR
k ToB,° ToB3B, Creyy
3 ’§1= klp sy = klp ’C3= k (17)

Apply Laplace and Fourier transforms defined by

“F (X)) Xy 8) = J':f (Xp, Xy ©) et dt

Fxpo) = fx,xy 9)ebxldx, (18)

on equations (14) - (16) and then eliminating u,, u, and
¢ we obtain

dé d* d? o
P Ix + de4 + R dx2 +S) (u, u;, 9) =0
3 3

(19)

Where P =6, (5, (;a;s, -8, p; — C,psa;s 2

Q= (Lya;8> —py) {(-E2+5) 8, -8, (b, E2+5?) + 87 E2)

+8,8, {€2 - (2 —E20 5%} + (52 {ayps (§2 + ) + 9,
Ps (aliz + D} + &252 {- 84 a3 (p5 Cl + Cz - Cl)}

R=(1+a,8) {-(€+5) §pss* +E2s (ps §, 8, + §, 9,
= 58+ (B8 + ) (&2 + ) (s2Lyay —py) - B, (&, -
58?387, 89 = E2a; {8} + (87 - (37 - (57 EPa))
— (82 +52) 5, + 8582
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S = (81 &.»2 + Sz) {(};2 + Sz) (2;2_ C3Sz - C3 s? 4 &2) + &»2
(1+a, &) €2 ¢, s} (20)

The roots of the equation are + 7Li, 1=1, 2, 3.
Making use of the radiation conditions that u, u;, ¢ —

0 as x; — oo the solution of the equation (19) may be
written as :

ﬁl =Ale—7xlx3 +Aze—7»2x3 +A3e—7x3x3

oo —A1x3 —A2x3 —A3x3
u,=d, Ae +d,Ae +d;Ae

O=d' | AeMB1d, A 4d A (21)
Where
3
o PN
iT 54 2 =he
AR 4+ 12 8% 4+ T
A2 P QEx
li= ! i=1,2,3 (22)

AR 4+ 12 8% 4+ T

Where P* = i§ {(~{, psa, 52+ 8, ({32552 - py))

Q*=0,(8 -8~ (;87a, ) +ps§ (1 +2,8) 8

R* == {,psags? + 8, ({ya,82— py)

%= (€2 - 387 - (352,89 8, - (8,82 +5?) (a,{; s> - py)

+ G, pss? (1 +a,E?)

T#=- (8, &+ (E -2 - (3572, &)

P¥¥ = (L, 8,- ¢, 8, s*iC

Q¥+ ={ s> (5, &+ %) (23)
IV. BOUNDARY CONDITIONS

We consider a normal line load F, acting in the
positive X, axis on the plane boundary x, = 0 along the
X, axis and a tangential load F,, per unit length acting at
the origin in the positive x, axis. The boundary conditions
on the surface x, = 0 are:

(1) tyy=-F, y, (0 H (O
(2) ty=-F,y, 0 H®

do _
3 5%y (24)
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Where F, and F, are the magnitudes of the forces
applied, y, (x), ¥, (x) specify the vertical and horizontal
local distribution functions along x, axis, H (t) is the
Heaviside unit step function.

Fig. 2: Normal and tangential loadings

Using the dimensionless quantities defined by (13)
on (24) and then applying Laplace Transform and
Fourier Transform defined by (18) we obtain

~ _ Fvy© F, ¥,(8)

U= ﬁ (M, + M, -M,5) + T oA

M,, = M,, + M,;)

= F] $1(§) FZ ﬁz(g)

U= s A -d,M;+d,M,—-d;M, ;) + s A

(1M, —d, My, +d; M)

—~_ Fv© F, %,

¢= s A 1My +LM - 1M ) + s A

(hy My, =1, M, + 1, M,5)

~  Fvy© F, ,(€)
1 Y 2 Vs

3= "5 CWMp+hMp-hMy) + ——=1

(hy M,, —h, M, + hy M)

Where

My = ApAss = ApAss, My, = Ay Ay — AyAy,,

My = Ay A5 = Ay, My = ApAys = AA,,,

My, = A Ay = Ay Moy = A Ay — ApAy,

C
A= =5 _(iz diki—ﬁlﬁﬁli?\iz i=1,2,3
PCy PC B " BT,
Ay =— S4 4 B4 jEg i=1,23
pe,? pe,?
Ay =N, i=1,2.3

A=A M, A, M +A M,



c B B
hy= —if— —dh - L+ —— 142
pc1 pcl Bl BITO
i=1,2,3
C C
Wo=- —% o+ —jed i=1,2,3
PC12 PC12

Case (i). Concentrated force:

The solution due to concentrated normal force on
the half space is obtained by setting

v, (%) =8 (%) (26)

Applying Laplace and Fourier transform defined
by (18) on (26), we obtain (&) = 1. Using (24) and
(25) we obtain the components of displacement, stress
and conductive temperature.

ﬁ1 = :_i M, + M, -M,y)

u@3 = f_i (=d; M, +d, M, —d; M)
o= :—i LMy + 1, M, =15 My)

Gy = f_i hy M, +h, M, —hy M)
G = :_i (=h"y My +hy My, -0’3 M)

Case (ii). Uniformly distributed force:

Solution due to uniformly distributed force applied
on the half space is obtained by setting.

liflxl<a

v, (%) = <0 ifIxl > a (27)

In equations and using (13), (18), (24) we obtain
v ©= [2sin €] E#0

using (27), we can obtain components of displacement,
stress and conductive temperature.

Case (iii). Linearly distributed force:

Solution due to linearly distributed force applied
on the half space is obtained by setting

IxI
v, (x) = 1—? ifIxl<a
OifIxl>a

In equations and using (13), (18), (24) we obtain

w/l—(\&) :[2 sin (& a)/&] E£0

using (27), we can obtain components of displacement,
stress and conductive temperature.

V. APPLICATIONS

A.  Suppose an inclined load F, per unit length is
acting on the x, axis and its inclination with x,

axis is
F, =F,cos o
F, = F, sin o

In this case, we obtain the expressions for
displacements, temperature distribution and stresses in
thermoelastic half space using (25) as

= _ F, cos Sﬁl(i) M, +M,

-M,,) +
1 s A 13

F, sin 8.
o Sin A‘Ifz@ (M, = M, + M
S

23)

~  F,cos dy
U3: O—Awl(&) (— dl Mll +d2 Mlz—d3 M13) +
S

F, sin dv

O—WZ(E’) (dy My —dy My, +d3 My3)
s A

—~  F, cos 8y, (E)

F. sin &y
O—A%@ (1 Myy =1, Mpy + 13 My3)
S

— F, cos &y, (&)

Lo sin 0¥, &) SA%(F’) (hy Myy —hy My, + h3 My3)
N

—

E, cos &y, (&) , ., , /
31 = = (N My + Y My =3 Myp) +

F SiHSA ’ ’ ’
O—A%@ (h"y Myy —h') Myy +h'3 My3)
S
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B. Particular case

In case of isotropic elastic solid, we have

cip=A+2u=cazcpp=ci3=hocgy =
C. Inversion of the Transformation

The transformed stresses and temperature
distribution are functions of &, x3 and s the parameters
of Laplace and Fourier transforms and hence are of the
form f (&, X3, ). The obtain the solution of the problem

in the physical domain, we first invert the Fourier
transform using

_ 1 o . L e
f(x], X3, 8) = 2_nj 15X £ (£, x5, 5) dE, = on Loo

—00

| cos (€ xq) fo — isin (xx1) f, | d§ 51

Where f(; and f, are respectively the odd and even
parts of f (&, X3, s). thus the above expression gives the

Laplace transform f (xy, X3, s) of the function f (x,

X3, t):
VI. RESULTS AND DISCUSSION

Copper material is chosen for the purpose of
numerical calculation which is transversely isotropic.

cpp = 18.78 x 1010 Kgm_ls_z,
Cpp = 8.76 x 1010 Kgm_ls_z,
ci3 = 8.0 x 1010 Kgm~1s=2

Cs3 = 17.2 x 1010 Kgm~1s72,
cyq = 5.06 x 1010 Kgm~1572,
Cg = 0.6331 x 103 JKg 1K~!

o =298 x 109 K1, 03 =24 x 107 K1,
a=24x10"m?s2 b=13x 107 m’ 52 Kg'1

p =8.954 x 103 Kgm3, K| = 0.433 x 103 Wm" K1,
K5 = 0.450 x 103 Wm™'K"!

The values of normal displacement us, normal force
stress ty3, tangential stress ty; for a transversely
isotropic thermoelastic solid at 6 = 0°, 0 = 45° i.e. at
initial angle, middle angle and extreme angle have been
sudied. The variations of these components due to
impulsive load with distance x and for two temperatures
a=0 and a=.05 have been shown in the Fig. 1 to 4.

20

o o

o o o

120 . == a=0.05,
~ —_— —_— a=0.05,

mmmmm====3=0.05

Normal dis pla cemen t uy

-40

the displacementx

Fig. 1: Variation of normal displacement u3 with distance x

a=0,
—e—a=0,
—A— a0
- - — = 2a=0.05,

— 2=0.05,
—===-== a=0.05,

2500 w—

-500

4
the displa ceme ntx

Fig. 2: Variation of normal stress component t33
with distance x

16000

the ta ngential stress comp onentt

I
0 2 4 6 8 10
the displacement x

Fig. 3: Variation of tangential stress component t3;
with displacement x
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-20

_—a=0,
—E— a=0,
—A— -0
20 —
— — s = a=0.05
_— = a=0.05
== = a=0.05
60 I T I T I T I T I
0 2 4 6 8 10
The disp lace men tx
Fig. 4: Variation of conductive temperatue ¢ with
displacement x
— A= 0,
—A— -0,
80 = — = +a=0.05,
B — — a=0.05,
1 . —--—--- = a=0.05,

the nom al stress compon entt,,

4 6
Thedisplacemen tx

due to Linearly distributed load.
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Fig. 6:
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5: Variation of normal displacement uj with distance x

Variation of normal stress component t33 with

The canductive tenper atu e

The tangent & str ess © mponene t,,

Fig. 7: Variation of tangential stress component t3;

40

8000 my

-2000

5 o o
u
cocoo oo
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thedisplacementx
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4 6
Thedisplace mentx

Fig. 8: Variation of conductive temperatue 6 with

Nomal disp lace men tu,

displacement x

120 ——pe o

-40
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Fig. 9: Variation of normal displacement ujy with distance x

due to Linearly distributed load.
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thecondudivetemperature
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nomal stre ss com pon ent t

-500

g
L

— a=0,

-+ = = a=0.05,

— = a=0.05,

the displa cem ent x

Fig. 10: Variation of normal stress component t33

the tange ntial stress componentt,

Fig.

20—

with displacement x

[—
_e_ a=0,
—A— -0
a=0.05,
—_— — 2=0.05,

a=0.05,

11:

thedisplace me nt x

Variation of tangential stress component t3;
displacement x.

=0.05,
=0.05,
=0.05,

I ' I ' I ' I ' 1
2 4 6 8 10
The disp lace me ntx

Fig. 12: Variation of conductive temperatue 6

with displacement x

1. The solid line, solid line iwth centre symbol circle,
solid line with centre symbol triangle respectively
predict the variations at a = 0 and at angle of
inclination © = 0°, q = 45° and 6.

2. The dash dot dash line, the long dashed line, the
small dashed line respectively predict the variations

at a = 0.05 and at angle of inclination 6 = 0°,
q = 45° and 6.

VII. CONCLUSION

Effect of two temperature have significant impact
on components of normal displacement , normal stress,
tangential stress and conductive temperature. As
disturbance travels through the constituents of the
medium, it suffers sudden changes resulting in an
inconsistent / non uniform pattern of graphs. The
deformation in any part of the medium is useful to
analyse the deformation field around mining tremors
and drilling into the crust. It can also contribute to the
theoretical consideration of the seismic and volcanic
sources. Since it can account for the deformation fields
in the entire volume surrounding the sources region.
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